This article provides a classification of the partial conical flocks in PG(3,q) of (q-1) conics of a quadratic cone which admit a linear regular automorphism group on the conics.
Type II. q is odd and f(t) = (f 1 + f 2 t (q−1)/2 )t j where f 1 , f 2 are constants in GF (q) and j is a positive integer.
(a) If q ≡ −1 mod 4 then g(t) = (g 1 +g 2 t (q−1)/2 )t (j+1)/2 if j is odd and g(t) = (g 1 + g 2 t (q−1)/2 )t (q+1)(j+1)/4 if j is even where g 1 , g 2 are constants. Moreover, if j is odd then (j 2 − 1) ≡ 0 mod (q − 1) and if j is even 2(j 2 − 1) ≡ 0 mod (q − 1).
(b) If q ≡ 1 mod 4 then g(t) = (g 1 + g 2 t (q−1)/2 )t (j+1)/2 for j odd as in II(a) or g(t) = (g 1 t (q−1)/4 + g 2 t 3(q−1)/4 )t (j+1)/2 . Type III. There is an integer s {12, 24, 60} where s|(q − 1) such that f(t) = t f 1 and g(t) = t g 1 where f 1 , g 1 are constants for all t of order divisible by (q − 1)/s . Furthermore, If q is even, then the case I holds and, in addition, this situation occurs if it is merely assumed that the group is transitive on the partial flock.
When a partial flock is a flock, there is a corresponding translation net of degree q 2 + 1 and thus a corresponding translation plane. There are various examples of regular flocks of various types. For example, when k = 1 in type I, there is a flock corresponding to the Betten/W alker translation planes, when k = 2 in type I, there are the flocks corresponding to the Barriga/Cohen-Ganley translation planes and when k = (p s − 1)/2 in type I, where q = p r and p is odd, there are flocks corresponding to certain Knuth semifields(see Johnson [8] for these connections and/or Gevaert -Johnson [5] ).
Our main result shows the pattern that exists within regular partial conical flocks. Furthermore, this result shows that a computer search for flocks of quadratic cones of this type might be quite easy.
2 The group of a partial conical flock of deficiency 1.
In this section, we consider the collineation group in P L(4, q) acting on a partial flock of deficiency one. Payne and Thas [15] have shown that every partial flock of deficiency 1 may be uniquely extended to a flock of a quadratic cone. We shall use this both in the proof of our main result and also to realize the automorphism group of a partial flock of deficiency 1 as a quotient group of a collineation group of the translation plane corresponding to the flock extending the given partial flock.
Actually, without using the extension result of Payne and Thas, a partial conical flock of deficiency 1 in P G (3, q) is equivalent to a translation plane of order q 2 and kernel GF (q) which admits a Baer collineation group of order q(see Johnson [10] ). We note this formally within the following proposition.
Proposition 2 Let P be a partial flock of a quadratic cone of deficiency 1 in P G (3, q) . Let π * denote the associated translation plane admitting a Baer collineation group E of order q. Then the net of degree q + 1 which contains the subplane which is pointwise fixed by the Baer group is derivable and the translation plane π obtained by the derivation of this net corresponds to the flock which uniquely extends P . Furthermore, E acts an an elation group in π. Proof: Johnson [10] , Payne and Thas [15] . Theorem 3 Let P be a partial flock of a quadratic cone of deficiency 1 in P G (3, q) and let G denote the automorphism group of P in P GL (4, q) . Let π * denote the translation plane corresponding to P admitting a Baer group E of order q and let π denote the translation plane corresponding to the flock extending P . Let K * denote the subgroup of kernel homologies of order q − 1 of π or π * . LetĜ denote the collineation group in GL(4, q) of pi * which fixes the net N * of degree q + 1 which contains the subplane pointwise fixed by E.
Then either (i) π is Desarguesian and the flock extending P is linear or (ii) G ∼ =Ĝ/EK * .
Proof: The partial spread S P which corresponds to the partial flock P may be obtained as follows: Embed the projective space P G (3, q) in P G (5, q) so that the cone C belongs to the Klein quadric Q. Let i for i = 1, 2, . . . , q − 1 denote the planes which contain the q − 1 conics of P . Let ⊥ i denote the planes polar to i with respect to the Klein quadric. Project ⊥ i ∩Q onto a set of mutually skew lines of P G (3, q) or mutually disjoint 2-dimensional subspaces of the 4-dimensional vector space V 4 by use of the Klein correspondence. This image set defines the corresponding partial spread of degree q 2 − q and consists of q − 1 reguli (or regulus nets) mutually containing a line(component).
By Ostrom [16] , since extensions exists and we have what is called a net of "critical deficiency", there are exactly two extensions of S P to affine planes, namely π * and π. Let G denote the subgroup of P GL(4, q) of the partial flock P and letĜ denote the collineation group of the net S P obtained from G via the Klein correspondence and the Thas-Walker construction above.
Let σ Ĝ and consider π σ as the translation plane obtained by defining the points of the plane as points of π and the lines as the σ-images of lines of π so that π ∼ = π σ. Since π admits an elation group of order q and contains the partial spread S P and a translation plane cannot admit both a Baer group and an elation group of order q(Jha-Johnson [7] ), it follows that π = π σ.
Similarly, π * = π * σ. Thus,Ĝ is a collineation group of both π and π * and thus must leave invariant the net D * of π * and/or the net D of π where D * is the net defined by the Baer subplane Fix E and D is the derived net.
The Baer subplanes incident with the zero vector of the q − 1 regulus nets of π * distinct from N * correspond to the q 2 − 1 points of the conics of the partial flock. Considering these Baer subplanes within π, it follows that the group E leaves each of these Baer subplanes invariant. Also, K * leaves each such subplane invariant.
Let H denote the subgroup ofĜ which leaves each such Baer subplane invariant. Clearly H is a normal subgroup ofĜ andĜ/H ∼ = G. And, E K * is contained in H. Assume that π is not Desarguesian. It remains to show that H ≤ E K * . We may choose coordinates so that the spread for π has the following form: 0 u ] for all u K. Suppose that the axis of E acting in π is not invariant under the full collineation group. Then by , [17] ), SL(2, q) is generated by the elation groups and π is Desarguesian by Foulser-Johnson-Ostrom [4] .
If the axis of E is left invariant, it follows from Gevaert-Johnson-Thas [6] 
First assume that |σ| = p where q = p r , p a prime. In < σ, E >, there exists an element σ * of order p which fixes y = 0(and x = 0). Thus, there must be a Baer p-element in < σ, E > . Thus, p = 2 by Foulser [3] since E is an elation group and Baer p-elements and elations are incompatible in translation planes when p is odd. Without loss of generality, we may choose coordinates so that
. The functions f and g may actually change under a coordinate change but the general form of the representation of the spread does not and since we have so far not made any use of the specific functions, the choice of σ * is admissible.
Thus, the image of
This latter component belongs to the regulus net D t so that
The planes of the flock corresponding to π containing the conics are:
. These planes contain a common point (1,0,1,0). It then follows from Thas [18] that the flock is linear and thus the translation plane is Desarguesian.
Hence, |σ| = p. More generally, it follows that |σ| = p t for any integer t.
Let |σ| = u where u is a prime. Then (u, p) = 1 = (u, q) so that σ fixes a component of each of the q regulus nets. 
Hence σ fixes each component and is thus a kernel homology -contrary to assumption.
Thus, u must divide q − 1. First assume that u = 2 and q is odd. Then σ is a Baer involution. But, σ must fix the subplanes π 1 , π 2 of the net D which contains the 1-spaces fixed pointwise by σ that lie on x = 0, y = 0 respectively. Since the fixed point space of σ does not lie in D, it follows that σ induces an affine homology of order 2 on each of the subplanes π 1 , π 2 .
It follows that π 1 = π 2 and by appropriate choice of representation
By Thas [18] , it follows that the plane must be a semifield plane of Knuth type. However, although σ fixes (x, x 0 f(t) t 0 ), the action on the 1-spaces is x → x 1 0 0 −1 and thus cannot fix each Baer subplane incident with the zero vector of the nets D t , for t = 0. Thus, u = 2, and u divides q − 1 and hence, fixes at least two Baer subplanes of D(note we are only assuming that σ fixes each Baer subplane incident with the zero vector of the regulus nets D t for t = 0).
Without loss of generality, we may assume that
implies either g ≡ 0 which we have seen above implies that the plane is a semifield plane of Knuth type or v o = 1 and σ is a kernel homology. Thus, we have completed the proof.
A preview.
In this section, we shall assume that our main result stated in the introduction is valid. One of the main tools in the proof of this result is the theorem of Hiramine [12] classifying translation planes admitting certain autotopism groups. In the process of listing this theorem, we shall give a variation which we shall use in the proof of the main result.
Assume that P is a regular partial conical flock of deficiency 1 and let G denote a subgroup of P GL(4, q) which acts transitively on the q −1 conics of the partial flock. Assume P is not linear. Let G * denote the collineation group of the translation plane π corresponding to P which admits an elation group E of order q such that G * leaves invariant the regulus net D corresponding to the extension of P to a flock. Let K * denote the kernel homology group of π. Then, by Theorem 3, G ∼ = G * /EK * (note that the subgroup G of P GL (4, q) is not considered within G * /K * even though this group is isomorphic to a subgroup of a group isomorphic to P GL (4, q) ).
In [12] , Hiramine studies translation planes of order q 2 and kernel containing K ∼ = GF (q) that admit an autotopism group A which fixes a net N of degree q + 1 and acts transitively on the remaining q 2 − q components. It follows that there is a collineation group E of order q which, due to the assumption that it is an autotopism group, acts as a Baer group with Fix E a Baer subplane of the net N. Hiramine shows that N defines a regulus in P G(3, K)(alternatively, it is possible to see this using the result of Johnson [10] on Baer groups and partial flocks, and the extension result of Payne and Thas [15] ).
Hiramine determines the general structure of the spread of . Since is derivable using the net D, there is a corresponding translation plane also with kernel K that admits the collineation group acting transitively on the components of which are not in D and where the subgroup E now acts as an elation group. We shall completely determine the structure shortly.
Theorem 4 (Hiramine [12 ](part (i) when the group is an autotopism group, for part (ii) see Johnson [8]). Let denote a translation plane of order q
2 and kernel containing K ∼ = G(q) which admits a collineation group G that has an orbit of length q 2 − q.
(i) If G fixes two components then the remaining components define a derivable(regulus) net N.
(ii) Derive the plane by replacing N. The constructed translation plane * admits a collineation group which fixes a regulus net N * , acts transitively on the components of * −N * and contains an elation group of order q. The spread for Σ * has the following form:
where α, β are constants in K and k is a fixed positive integer.
Now consider the initial problem:
Determine the regular partial flocks of deficiency 1.
In the corresponding translation plane, using the collineation group acting on the translation plane admitting the elation group then there must be an orbit on the line at infinity of length q 2 − q(see section 4). If the group fixes two Baer subplanes of the net corresponding to the extension conic of the partial flock then we may apply the above result. It turns out that the group either fixes or interchanges two Baer subplanes or there is a quotient group isomorphic to A 4 , S 4 , or A 5 . We consider these situations in the next section.
Transitive groups.
In this section, we give the proof to our main theorem stated in the introduction.
We stated the result of Hiramine [12] in section 3 which we shall make use of to prove our main result. And, if the indicated collineation group is actually an autotopism group then the spread has the form indicated in section 3 and the translation to the flock produces the representation in case I.
Let G denote the regular group on the partial flock. Assume that the corresponding translation plane π is not Desarguesian which admits an elation group E and let G * denote the collineation group of π which fixes the extended regulus net
Interpreting the results of section 3, we have the following lemma:
Lemma 5 (i) G
* fixes D and G * /K * acts regularly on the remaining q 2 − q components.
(ii) If G * fixes two Baer subplanes of the net D incident with the zero vector then the representation is as stated in the theorem case I.
Proof: (i) G
* contains the elation group E which fixes each of the q − 1 regulus nets corresponding to the partial flock(and, of course, fixes the extended regulus net D corresponding to the extending flock). E acts regularly on the components distinct from the axis of each such regulus net. Since G acts transitively on the conics, and the conics correspond to the regulus nets different from D(actually to the set of Baer subplanes of the nets), it follows that G * acts transitively on the components not in D. And, since |G| = (q − 1) by regularity, |G * | = q(q − 1) 2 and G * contains the kernel homology group K * of order q − 1. (ii). If G * fixes two Baer subplanes of the net D then, in the derived translation plane, G * becomes an autopism group of the derived plane which acts transitively on the q 2 − q components not in the derived net D * and we apply Hiramine's results.
Remark 1 In the following, we shall assume that the spread for the translation plane π is
where g, f are functions on K, f 1 − 1 and g(0) = f(0) = 0.We assume that π is not Desarguesian so that E is normal in G * . We assume that G * fixes the net D with components x = 0, y = x [ Proof: The indicated subgroup consists of central collineations. Any central collineation g acting on a projective plane will fix any subplane which contains the axis and coaxis(if the homology case) and such that if for some point P of the subplane not on the axis or coaxis then P g is also a point of the subplane(e.g. Lüneburg [14] ).
Since the Baer subplanes of D incident with the zero vector contain the axis and coaxis of the central collineations and each central collineation leaves invariant the set of points at infinity of the Baer subplanes, it follows that EG * within GL(4, K) is G 1 * G 2 (central product) where G i ∼ = GL(2, q) for i = 1, 2(see Foulser [3] , or Johnson [9] ) and where G 1 acts trivially on the Baer subplanes of D incident with the zero vector and G 2 acts trivially on the components of D. Thus, EG *
elements(of course, it does not by assumption if p is odd).
If so, then there is a p-element not in E and since G * = EG * (y=0) , we may assume that there is a Baer p-element ρ in G * . Hence, p = 2 by Foulser [3 ] . It follows that the order of G * is divisible by 2 q(q 2 − 1)(assuming that K * is a subgroup of G * ). Moreover, the Baer involution is in G * (y=0) and by Jha-Johnson [7 ] , there can be no 2-group of order divisible by 4 q since in this case, there would be a Baer 2-group of order ≥ 4. Hence, (G *
) is a subgroup A of P GL (2, q) , q is even and the 2-order of the previous group is exactly 2. If there is a nontrivial subgroup M of order divisible by (q − 1), then M is cyclic and leaves exactly two 1-spaces invariant on y = 0. Also, M ≤ A ∩ P SL(2, q) = A * and A * is either cyclic or dihedral of order 2 k where k|(q − 1). In any case, we may assume that M is characteristic in A * which is normal in A. Thus, there is a subgroup of order divisible by q(q − 1) of G * which fixes two Baer subplanes. It remains to show that this subgroup has an orbit of length q 2 − q. In the above argument, the only possible group element which does not fix at least two Baer subplanes has order 2. Hence, if a group of order 2q(q − 1)
2 t has an orbit of length q(q − 1) then the point stabilizer subgroup has order 2(q − 1)t. If a subgroup U of index 2 is not transitive on this set then the orbits of U are permuted transitively by the full group, so each orbit of U has the same length z|q(q − 1) and the point stabilizer subgroups all have order 2q(q − 1)
2 /z ≤ 2(q − 1)t so that q(q − 1) ≤ z. That is, there must be a subgroup which fixes at least two Baer subplanes and which has an infinite point orbit of q(q − 1).
Thus, the quotient group listed above cannot have a subgroup of order |(q − 1) and hence, |G *
Thus, there is an affine homology group of order (q − 1) which leaves a regulus net invariant.
By Johnson [11] , there is a corresponding flock of a hyperbolic quadric in P G (3, q) . The flocks of hyperbolic quadrics have been completely determined(Bader, Lunardon [1] , and Thas [19] , [20] ) and the associated translation plane is always a nearfield plane. But, since there is an elation group of order q, it follows that the plane must be Desarguesian.
So, by replacing the group G * by a possibly index two subgroup, we may assume that there are no p-elements in G * /EK * . The above argument on the classification of hyperbolic quadrics shows that we may assume that the homology group G *
[y=0]
does not have order q − 1. Hence, the group induced on y = 0 in P GL(2, q) is either a subgroup of a dihedral group of order 2(q − 1) or 2(q + 1) or is isomorphic to A 4 . S 4 , or A 5 .
We see that we have the following cases:
II. G *
[y=0] has order < (q − 1)/2 and the group induced on y = 0 in P GL(2, q) is a subgroup of a dihedral group of order 2(q − 1).
III. G *
[y=0] has order (q − 1)/t, where t ≥ 3 and the group induced on y = 0 in P GL(2, q) is isomorphic to A 4 , S 4 , or A 5 where t = 12, 24, or 60.
We first consider the problem when there is a homology group of order (q − 1)/2. If we have an affine homology group of order (q − 1)/2 and the group is regular, then there is an element σ G * which does not fix two Baer subplanes of D but σ 2 fixes all Baer subplanes. Hence, σ interchanges pairs of Baer subplanes. We may choose coordinates so that {(x 1 , 0, y 1 , 0)} and {(0, x 2 , 0, y 2 )} are interchanged.
for some x 2 depending on x 1 . Hence,
Since EG *
[y=0] is a semiregular subgroup of order q(q − 1)/2, the spread for the translation plane has the following form: 
This implies that f(ut) = uf(t) and g(ut) = ug(t) for all t and for all such
This shows that we must have case III. In order to complete the proof when the quotient group does not involve A 4 , S 4 , or A 5 , we need to consider the possible case when the group G * leaves invariant a set of two Baer subplanes incident with the zero vector of D.
By looking at the proof of the previous lemma, we see that the subgroup H * which fixes the two subplanes has index 2. 
Lemma 8 Assume that

(t) u o g(t)
).
Since q ≡ −1 mod 4, and f(u 4 t) = u 4j f(t), it follows that f(t) = t j f t where f t takes on at most two nonzero values (f 1 = f t for t nonzero square and f 2 = f t for t
